We analyze the magnetic excitations of a spin-1/2 antiferromagnetic Heisenberg model with alternating nearest neighbor interactions and uniform second neighbor interactions recently proposed to describe the spin-Peierls transition in CuGeO 3 .
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We analyze the magnetic excitations of a spin-1/2 antiferromagnetic Heisenberg model with alternating nearest neighbor interactions and uniform second neighbor interactions recently proposed to describe the spin-Peierls transition in CuGeO 3 .
We show that there is good agreement between the calculated excitation dispersion relation and the experimental one. We have also shown that this model reproduces satisfactorily the experimental results for the magnetization vs. magnetic field curve and its saturation value. The model proposed also reproduces qualitatively some features of the magnetic phase diagram of this compound and the overall behavior of the magnetic specific heat in the presence of applied magnetic fields. 
where the index i runs over the lattice sites (i=1,...,N, N: number of sites) with periodic boundary conditions. The exchange coupling constant J i = J(1 + δ(−1) i ) where δ = δ(T)
is a temperature dependent dimensionless quantity which gives the degree of dimerization.
The model Eq.
(1) has been studied so far in the limits α = 0 [13] , and δ = 0. [14] The parameters of the model were chosen so as to give a good fit of the experimental magnetic susceptibility and to reproduce the measured excitation gap at T = 0. [7, 8] The resulting parameters are: J = 160 K, α = 0.36 and δ(T = 0) = 0.014. As it is well-known, the 1D Heisenberg antiferromagnetic model with first and second neighbor interactions has a finite singlet-triplet gap for α > α c ≈ 0.2412. [14, 15] Thus, the value of α = 0.36 implies that there is a finite gap even in the absence of dimerization. This spin gap was estimated in RD to be ≈ 0.015 in units of J, or 2.4 K, much smaller than the smallest measured value for CuGeO 3 . [7] In a more recent study Castilla, Chakravarty and Emery [15] argued, from an analysis of the neutron scattering measurements of the superlattice peaks [7] , that the value of α should be below the critical one. For this reason, they proposed the following set of parameters: J = 150 K, α = 0.24, and δ(T = 0) = 0.030. However, we think that this argument, based on the theory of Cross and Fisher [16] which uses a Luther-Peschel-type treatment of the spin Hamiltonian, is not conclusive. Moreover, we should notice that there is a rather large interchain coupling along the b direction, J b /J ≈ 0.1 [8] that could lead to a different effective α c .
The purpose of this work is to describe using the model proposed in RD other features of the SP phase in CuGeO 3 , in particular the nature of magnetic excitations and the behavior of various thermodynamic properties in the presence of an external magnetic field as have been revealed by an increasing amount of experimental results. We want to show also that the model and numerical procedure developed in RD could provide an alternative complete theory of the spin-Peierls transition and that it could be considered as an useful tool to analyze experimental data. These studies will be performed by using exact diagonalization techniques on finite chains. In these calculations we adopt the parameters given in RD which lead to a somewhat better fit to the experimental magnetic susceptibility as well as for the dispersion relation as we shall see below than the parameter set given in Ref. [15] . Most of the calculations were performed also for this latter parameter set and we shall discuss the main qualitative differences found.
We start our study with an analysis of magnetic excitations at zero temperature and in the absence of a magnetic field. For this study we have employed the Lanczos algorithm for lattices of up to 24 sites. We have also calculated the dynamical magnetic structure factor S(k, ω) for all the wave vectors k.
[17] This dynamical response has the largest intensity at k = 0 (corresponding to π in the uniform lattice) and hence we shall concentrate our study to this momentum. The results for S(k = 0, ω) are depicted in Fig. 1a for α = 0.36 and δ = 0.014. We also show the results for the nondimerized model for comparison. The first peak corresponds to the singlet-triplet excitation. This peak has the largest weight, in agreement with experimental results. [8] We also note other excitations at higher frequencies and with lower intensities. It is interesting to notice that the second peak in the nondimerized case is split by a finite δ. The relative intensity of this second peak with respect to the first one remains approximately constant as N is increased. Similar results are obtained with the set of parameters of Ref. [15] , although the second peak is located at slightly higher frequencies than for our set of parameters. In order to understand the origin of these excitations, let us examine them as a function of k. The results for the N = 24 chain are shown in Fig. 1b together with recent neutron scattering results. [8] It can be seen that the parameter set of RD fits slightly better the experimental data than the parameter set of Ref.
[15]. In Fig. 1c we show the excitation energy of various states as a function of k for the same chain. At k = 0 it is convenient to label each energy level by E i (S, P) where S is the total spin, P (= +1, −1) is the quantum number associated to the reflection symmetry, and i = 0(1) for the ground state (first excited state). For N = 4n, n integer, the singlet-triplet spin gap is ∆ st = E 0 (1, −) − E 0 (0, +). For N = 4n + 2, the values of P are reversed. The values of P quoted below correspond to the case N = 4n.
By studying the excitation spectra for several lattice sizes, we obtained that the position of the second peak in S(k = 0, ω) is ω 1 = E 1 (1, −) − E 0 (0, +). The excited singlet state E 1 (0, +) appears inside the singlet-triplet gap but this is just a finite size effect as can be seen in Fig.1d . This feature is absent for α = 0.24, i.e. E 1 (0, +) > E 0 (1, −) for any lattice size. In Fig. 1d , we plot ∆ st , ω 1 and We turn now to the study of thermodynamic properties in the presence of an applied magnetic field H along the c direction. In order to study the SP phase at finite temperature and in the presence of a magnetic field we minimize the free energy for the total Hamiltonian with respect to δ to obtain δ eq (H, T). The total Hamiltonian of the system consists of the spin part given by Eq. (1) with the addition of an elastic term ∼ δ 2 and the Zeeman term gµ 0 S z H, where g is the Landé factor (we take g = 2), µ 0 is the Bohr magneton and S z is the z-component of the total spin. The dimerization parameter δ eq (H, T) is, for a given T, a decreasing function of H (Fig. 2a) . Consequently, the spin gap and the critical temperature T SP (H) are also suppressed by the application of an external magnetic field, as discussed in several theoretical studies. [11, 16 ,18] Once δ eq (H, T) is known, the computation of the thermodynamic properties we are interested in is straightforward. This procedure only requires the computation of the eigenvalues of the Hamiltonian (1) which is readily done by using the Householder algorithm for chains of up to 14 sites.
Recently the magnetization curve was measured in the presence of ultra-high magnetic fields up to ≈ 500 T. [19] The measurement of the magnetization and its saturation can be used to determine the values of the antiferromagnetic exchange interactions for an adopted model Hamiltonian. Nojiri et al [19] noticed that the experimental magnetization curve shows good agreement with the theoretical curve obtained for the spin-1/2 uniform Heisenberg antiferromagnetic chain with nearest-neighbor coupling J = 183 K. However, as discussed in RD, this model does not satisfactorily reproduce the magnetic susceptibility data.
We plot in Fig. 2b the magnetization M versus applied magnetic field H obtained with the model proposed in RD for N = 14 site chain at T = 5 and 8 K. We also include the experimental results corresponding to T = 6 and 10 K. [19] Our numerical curves present the typical steplike structure due to the finite lattices involved. We observe an overall good agreement of the theoretical curve compared to the experiment results. The temperature dependence of our results is somewhat weaker than the experimental one, specially for high magnetic fields where presumably the three-dimensional effects are more important. We point out here that without further parameters to adjust in our model, we have also obtained the value of the saturation field (≈ 253 T) in reasonable agrement with the experimental result. We obtain very similar results with the parameters of Ref. [15] .
The knowledge of δ eq (H, T) enables us to discuss some features of the magnetic phase diagram of CuGeO 3 . This magnetic phase diagram has been partially determined experimentally by measuring the magnetization in magnetic fields up to 25 T, [5] and it presents the three phases characteristic of a SP system. Hase et al. [5] showed that as the applied magnetic field is increased, at temperatures below T SP (0), there is a nonlinear increase of the magnetization above a certain H c (T). [22] This nonlinear increase, together with the presence of hysteresis, indicates that there is a first order transition between the dimerized phase and the high-field M phase for T ≤ 10 K. The hysteresis disappears above this temperature and the D-U phase boundary becomes a second order one. This boundary is determined in our microscopic theory by the condition δ eq (H, T) = 0. The results for N = 12, 14 and 16 site chains [21] using our parameters set are plotted in Fig. 3 . We also show for comparison the analytical results obtained by Cross [23] using the theory developed in Ref. [16] . The most important assumption of this theory is that T SP (0) ≪ J, moderately satisfied in this compound. For low magnetic fields, our results closely agree with the curve calculated by
Cross corresponding to the D-U transition (dashed line) and with experimental results. [5, 20] For higher magnetic fields, the theory of Ref. [23] predicts a transition between the highfield magnetic (assumed incommensurate) and the uniform phases, which is also shown in Fig. 4 . Experimentally, it has been found that the specific heat shows a sharp anomaly at T SP due to the SP transition [25, 26] . This peak is clearly seen in our results. Consistently with the results shown in Fig. 2b , the position of the peak corresponding to the SP transition decreases as the magnetic field is increased and the low temperature part of the curve moves upward. These changes of C m /T with magnetic field are also in qualitative agreement with the experimental data from Ref. [26] . The differences in shape between the theoretical and experimental curves are presumably also a finite size effect.
In 
